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(5) Summary of Results. 

(a) The following doublet separations were found for the first four members 
of the Balmer series H« = 0154 l.U,, H^ ™ 0*085 A.U., H^ =: 0-062. A.U. and 
H5 = 0-049 A.U. 

When these separations were plotted against the squares of the corre- 
sponding wave-lengths they were shown to lie on a curve which pointed to 
the vanishing of the doublet separation at the short wave-length limit of the 
Balmer series. 

(h) The wave-lengths Ha, H^, Hy and Hs have been shown to consist of 
triplets when the electric discharge takes place in hydrogen containing a trace 
of nitrogen. 

(g) Experiments made to decide whether the third members of the triplets 
had their origin in the radiations emitted by nitrogen atoms or in a moditica- 
tion produced by the nitrogen in the radiations emitted by the atoms of 
hydrogen were not decisive. 
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The first problem discussed in this paper is as follows : — -" A long hollow 
cylinder is immersed in a medium of uniform temperature, and at a certain 
instant, is brought suddenly to a temperature above that of the medium, for 
example, by the passage through it of a stream of heated liquid. It is 
maintained at that temperature, and the temperature distribution in the 
outside medium at any instant, and the rate of leakage of heat from the 
cylinder, are required." 

The main difficulty arises from the fact that the law of temperature on the 
surface of separation is arbitrary— we shall suppose, in the first instance, 
that it is constant. Solutions for the external temperature distribution are 
apparently known only when the surface has a given initial distribution, 
which is left to adjust itself without further direct supply of heat. 

A solution for the distribution inside a cylinder whose surface is kept at 
zero temperature, and whose interior has any initial distribution, has been 
known for some time, and may be obtained by several methods. Perhaps 
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the two most powerful methods of attack on problems of heat conduction are 
the synthetical method,* which replaces the actual distribution by sets of 
sources and sinks distributed over the boundaries and throughout the region 
to be investigated, and the method which makes use of Green's functions. 
Naturally, it is in the theory of Potential that these functions are especially 
valuable, and their extension to problems of heat conduction, apparently 
noticed first by Minnigerode in his ' Gottingen Dissertation ' of 1862, and 
since developed in some detail, notably by Betti and Oarslaw, is still by no 
means completely worked out. Carslaw has, by a method dependent on 
contour integration, determined their forms in many interesting cases. 

We may define the Green's function, after Carslaw, as " the temperature 
at a point (x, y, z) at time <f, due to an instantaneous point source generated 
at (xQy 3/0, ^0) at time r, the bounding surface of the medium being maintained 
at zero temperature." With the help of the function so defined, we may 
show that 

{{[ r rff 3^'^ 1 

[Vp]^ = \%i\T.=,(^f(x, y, z)dxdy dz'\'h dr \\(^ (a?, y, z, r) 1^ — (iS 
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where \y^l^t is the temperature at a point, P, or (xq, 3/0, Zq) at time t, due to an 

initial temperature distribution f(x, y, z) at time ^ == 0, and the boundary, S, 

of the medium being kept at temperature ^{x, y, z, t) at any subsequent time. 

The thermometric conductivity of the medium is 1% the equation of heat 

propagation being 

du -, ^ 
ct 

and lb, whose differentiation in the second integral is along the inward 
normal, is the function 

where E is the distance between {x, y, z) and (^0, ^o? ^o)- The formula is not 
quite identical with that of Carslaw in his main paper, where an error of 
sign appears to be present. 

A direct proof that this expression satisfies the differential equation, with 
the initial and boundary conditions, is not difficult. 

With similar notation, the corresponding solution for the two-dimensional 
problem, in which everything is independent of the co-ordinate z, becomes 



^ ^ ^ OU 

U Sn2 



(f) (x, y, t) dS 



[v^'\f == UT. = of(x, y)dx dy-\-h dr 
J J Jo 

the line integral being taken over the bounding arc, and the surface integral 

* Hobson, * Proc. Lond. Math. Soc./ vol. 19. 
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over any section of the medium perpendicular to z. The function ii is now ta 
be defined by 

with K^ = («— ^o)^ + (2/— yo)^ — r^4-^^'^— 2r/ cos(0— ^') 

in terms of cylindrical co-ordinates whose axis is z, so that (r, r') denote 
normal distances from the axis, and {6, 6') the orientations in the normal 
section, measured from some fixed initial line. The Green's function 
employed in this case is the temperature at a point {x, y) at time t due 
to a line source generated at the instant t along x = Xq, 3/ = 3/0, in the 
medium, the bounding surface being kept at zero temperature. In the 
application of the theorem, there are some difficulties which have not 
received attention, but these do not occur in this special case. 

The Cylindriccd Soiirce. 

There is a simple expression for the temperature at any point at time t 
due to an instantaneous source of heat generated on the surface of a circular 
cylinder at ?5 = 0, which has not received any specific notice. The corre- 
sponding formula for a point source in three dimensions, situated at the 
origin, is 

at distance Yx>=^ ^y (x^^-y^-^-z^), where Q is the quantity of heat instan- 
taneously generated and then left to itself. For a line source along the line 
X =:x,y =^ y', with a quantity Q per unit length, 

the source being created in each case at time t ™ 0. Consider now an 
infinitely long cylindrical source, with a quantity Q generated per unit length- 
The radius is a, and 6 is an orientation in any normal section. The quantity 
of heat generated in the strip of unit length between two generators sub- 
tending hO on the axis is 

QS^/27r 

and this can be treated as a line source. By summation, the subsequent 
temperature due to the cylindrical source is 



to =z (47rB)"^ 



"" y ^ ^ ^ _ (p2 + a2 - 2pa cos e)j4.U 



^TT 



at distance p from the axis. This becomes 

where lo is the Bessel function defined by 

lo (^) = Jo {ioc)' 
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Cylindrical Surface Mmntained at TemperatVjTe %. 

We now pass to the problem of more special interest, in which a tem- 
perature, Vq, which is constant, is established at ^^ = over a cylindrical surface, 
p = a, and maintained at the value %. 

The general theorem is not now applicable, for the space is not simply 
connected outside. The equation of conduction is modified at the surface, by 
the continual creation of heat. It is, moreover, different inside on account of 
the difference of k, the preceding theorem involving the same value of h 
throughout. Since the internal space is shut off by an arbitrarily prescribed 
surface temperature, the internal value of h cannot affect the external problem, 
and we might at first sight expect to find a theorem enabling us to write 
down the solution for the doubly-connected external space. But we shall 
find later that this is apparently impossible. 

The general theorem will first be applied to the internal space, and the 
form of the result will suggest an appropriate type of external solution. This 
appears to be the first solution of its kind for the space outside a cylinder 
and by its nature we shall find it possible to determine the general solution 
corresponding to an arbitrarily maintained law of surface temperature. 

The internal solution, composed of parts due to (1) the prescribed surface 
rigidity of distribution, and (2) the initial temperature, say %, from p = to 
p z=z a, may now be written down. It should he v = vq permanently. 

Denoting the parts of v corresponding to (1) and (2) by vi, n2 respectively, 
we have 

Vi = — /{; dr ;:: — v^ids, 
J J 0^2 

V2 = Jf iCj = % cfe dy. 
The outward normal to the surface is along a increasing, and therefore 

3/0712 = ~a/a^, 

and with 



we have 



But 



and 



vi = ^kvo I dr {47r/j(^-T)}-i i^dd .a~^, ^-w^it-r)^ 



j> 2 __. p2 _j, ^2 _ 2 ap cos 0, dBPJda = 2 (a — p cos 0), 



'^ = sj! (^{/^ ("-^> ''' ^> ^"""""'' 
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or with a new variable /3 defined by 4/^/3 (t—r) =: 1, 



Vi 



avo 



2 



rr 



.X5 



r2 



/3o 



TT 



where 

This evidently becomes 



Cl^ CW {a^p cos 0) «~^(p2+«^-2«pcos0 



/*00 



ho 
This can be reduced by integration by parts, to 



pa 



vo 



t'l = i%Io tip"^''''"'^^''''^?(p'-"^') cmo(2pct^)e-^(p'-^-'^ 



2M 



'fiO 



. ^o 



the first term being its limiting value on the surface p ^ a. 

Again the effect of the initial volume condition, — temperature % through- 
out the cylinder, — is 

V2 = Vq jl u^ ^ dx dy, 

the integration being over an internal section. Thus 



'a 



% 



ZiKt J Q 






3"d^i 



fl-ao" 



'27r 



g^ ^■- (p2 + 0-3- 2pcr COS #)/4l'i 






The complete internal solution is v = % + %, or 



-?; 






(icrlf 



per 

2U^ 



g"(p2 + cr2)/4K 



■00 



-f 0^% I d^{alQ{2pa0)--pli{2pa^)) ^-^(p^+«^ 

(4M)-"i 



The two integrals concerned in this formula are of very different types, and 
have not hitherto been related in the literature concerned with the Bessel 
functions. Nevertheless, there is clearly a remarkable relation between them, 
for the solution must be '^ = vq. 

We shall apply the Bessel-Fourier double integral to establish this 
connection, and to suggest the external solution. In the meantime, we notice 
that this theory of heat conduction gives a proof of a historical theorem of 
Weber. For the effect of a distribution of temperature -y = % at all points of 
space initially must be a temperature % foi' all time. Accordingly, extending 
the integral in V2 to infinity, we must have 



2U 



adcr lo , 2/,^y 



U-(p2+(r2)/4/l;)5 



or if 
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(j6?crIo(mo-)6-^^' 



2^3 



o.e 



vi^ip 



which is Weber's formula. 



Application of the Bessel- Fourier Integral. 
Let us consider the formula 



^l 



00 

z^o{pz)dze 



-z-^u 







'00 

rJQ(rz)f(r)dr 



which satisfies the equation of heat conduction 

dic/dt = hs;jhL 

by direct substitution, and which, when <( = 0, gives u =f(p) by the Bessel- 
Fourier theorem. Clearly u is the temperature at any point of space at time t, 
due to the initial distribution, f(p) depending only on p, established at ?^ = 
and left to itself. 

Let us choose the initial distribution as a uniform temperature, Vo, from 
p = to p =: a, and a uniform zero temperature from p := a to p = oo . Then 
the subsequent temperature at any point is 



'00 



u = \ z dz Jo (pz) e 



-z^kt 







r Jo (rz) Vq dr. 
Jo 



Since /(r) = Vq from 7^ = to a, and zero beyond. But 



fa 




a 



r Jo (rz) dr = 7 Ji (az), 

^ 



and therefore 



u = avo 



00 

dzJoipz) Ji(az)e 



-z^kt 



Since this must be identical with the previous V2, we have the remarkable 
formula 



-zm 



ada lo (^]e-^^'-^^'^l^^' = 2aM dz Jo (pz) Ji (az) e 
\Z/ct/ Jo 

This can also be proved analytically as follows : — 

If/ (p) is the integral on the left-hand side, it is equal, by the Bessel- 
Fourier theorem, to 

/■ ra 



rx rx ra ^.^ \ 

f{p) = zJo (pz) dz r Jo (rz) dr adalo\-y^^)e 



-r'^l'ikt 



on interchanging the last two integrations, as their nature allows, 



00 



'a 



•CO 



rcT 



f (p) = s Jo (pz) dz ada e-"'!^^* rJ, (rz) lo ( ^ I e-'^^*' 
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The last integral is one of Weber's, having the value 



and thus 






2 aM 



'00 



^dzJo(pz)Ji (az)e' 



zVd 



JO 



which demonstrates the identity. 
Accordingly, in a preceding section, 



}Q0 
dzjQ(pz)Ji (az)e 


We next examine Vi : since by Weber's formula 



-zVct 



\2Jct 



'00 

zdzJo (pz) Jo (az) e 



"Z^t 



we may note, in passing, an elegant form for the effect of a cylindrical 
source. For an instantaneous generation of heat on a cylindrical surface 
p = a at ^ = 0, of amount Q per unit length, the subsequent temperature at 
all internal or external points is 

Q 



V = 



27rlo 



zdz Jo (pz) Jo (az) e 



:m 



Again 



lj£±)g-(p>+a¥«t = 2Jd zdzJi(pz)Ji(az)e-''':', 
\'2kt/ Jo 

and therefore 

(aIo-pIi)e-(p'^^'>^''-' = 2M zdz{aJo(p^)Jo(a^)-pJi(p^)^i{az)}e~^'''K 



But 



9 

;^ . zJi(az) = azJo(az), 

cz 



and therefore integrating by parts, the integrated terms vanishing 



'CO 



dz Jo (p^) Jo ((^^) e"-'""^'^ = 2 M z^dz Jo (p^) Ji (^^) e 





'00 



rm 



/»00 



-\- p 



dzJi (pz) Ji (az) e 



~-zm 



so that, for all positive values of t, 



»Q0 



(alo-|oIi)e-('>'+''="«« = 4:^'- \ z^dz Jo (p^) 3 i(az)e 

V 



--■y2l' 



M 



1 Too 

4^^ 



<Pdz Jo (pz) Ji (az) e ^''^-^^ 



with 4:M^ = 1. 
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Thus Vi, in preceding section, becomes 



/•qO /'^ 



vi = avo I z^dz Jo (pz) Ji (az) I ^ ^ ^W //3^ = ^) 

c?0 Jo (p;^) Ji ((X2;) { 1 — 6 ^^'^^ } , 



and finally, Vi-\-V2 is given by the simple form 

dzJo {pz) Ji {az) 



whose value is -^0 when p is less than a. We do not dwell upon some of the 
interesting formulae of pure mathematics which can be derived from the 
above analysis. 

The External Space. 
Integrals of the types 



i 



00 

dzf(z){Jo(pz), Yo(p«)}«-'^^'' 





are now clearly most suitable for this space, Yo being the second function 
defined by 

L on an } n = o 

after Hankel, the function Jo alone being clearly insufficient. Consider then 
the formula 

poo 

V :=Vq — Vo\ dzf (z) {Jo (pz) Yq {az) — Yo {pz) Jo {az) } e'^^^^K 

This satisfies the differential equation, f{z) not involving p or t. Certain 
restrictions on f{z) may, of course, be necessary to secure convergency. The 
expression takes the value Vq when p =^ a, for all time, so that the condition 
oi maintained constant surface temperature is satisfied. It also takes the 
value Vq at all points after an infinite time, as is necessary. It is therefore the 
solution we seek if it vanishes everywhere outside the surface p = a a,t time 
t = 0, or, analytically, if 



'00 



/ {z) dz {Jo {pz) Yo {az) — Yo {pz) Jo {az) } = 1 

for all values of p greater than a. This serves to determine /(^). 

The generalisation of the Bessel-Fourier theorem given by Orr* is pecu- 
liarly suitable for a problem of this type. Apparently it has never been 
applied as yet to any physical problem, although a procedure which is some- 
what parallel, with series instead of integrals, can be traced in some of 

* ' Proc. E. Irish A.,' Sect. A, vol. 27, 1907-9. 
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Carslaw's papers. As enunciated by Orr, the theorem states that for values 
of p between a and d, the value of the integral 

•6 







r(f) (r) dr Un (r, a) u^ (p, cc)/Kn (iXa) Kn ( — i\a) 



a 



where Un (^^ ^) = Kn (tXr) K^^ ( — tXa)—Kn ( — iXr) Kn (i\(i) 

is — TT^ip (p) at ordinary points, and 

-j7r2{(^(p-~€) + ^(p + e)},:.o 

at a point p where may have a possible discontinuity, the mean on the two 
sides of the discontinuity being then required. There are no discontinuities 
in the space external to the cylinder with which we deal, so that the value 
will be —7r'^(j>{p) at the point p. The same integral is equal to zero when 
p = a, and to -~|7r^0(p — e) when p = h. 

The function K« in the above statement is the function which, in wave 
theory, is appropriate to a disturbance diverging from the origin, and is 
defined by 

TT 

When n becomes an integer, it is easy to evaluate Kn in terms .of J and Y 
functions. We find that Orr's theorem takes the form, where ^ is an arbitrary 
function, 

\dx f { Jn (V) Yn (Xa)-Yn (Xp) J^ (\a)} {Jn (Xr) Yn (XfQ- Yn (Xr) Jn (\a) } 
J a YJ (Xa) + 7r\T„2 (^^^) 

r^ (r) dr, 
= l{^{p-e)-^^{p-^€)} iil)> p>a 

= if p = a 

= l<f,{p^e) iip^K 

In our problem, h will ultimately be infinite. We require ^ (p) = 1 
between p =^ a and p = h. 

Putting ^ = 0, and identifying the above double integral with the statement 



•00 



dzf(z) {Jo (pz) Yo (az)-'Yo (pz) Jo (az) } ~ 1 



we at once obtain 

^-^o-vo^^ Yo^(Xa)-h7r%2(Xa) "^ ^^ 

rb 

where F (X) = r dr {Jo (Xr) Yo {\a) - Yo (Xr) Jo (Xa) } . 

This is the general solution for the region, initially at zero, between two 
cylinders of radii {a, h), maintained since 2^ == at temperatures (% ^vq) 
respectively. 
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Eemoving the outer cylinder to infinity, or writing & = oo , we obtain the 
solution of the original problem proposed. Thus, the process being justified 
by the convergent integral finally obtained, we write 



F (X) = 



00 



•a> 



Tdr {Jo (\r) Yo (Xa)- Yq (Xr) Jo (Xa)}, 



But 



fa 


f 



Xr Jo (Xr) dr == r Ji (Xr) 



a 

= aJi (Xa), 



a 

XrYo (X?') dr 



rYi (Xr) 



a 



aYi (Xa) 4- 



2 
X 



where the expression 



Yo(^) = 2Jo(a;) |]og| + 7|-?-|-... 

with X small, has been used. Moreover, the integrals from zero to infinity 
are well known to converge to the values 

^00 poo O 

XrJo(Xr)dr = 0, XrYo(Xr)dr = - 

JO X 



when X is not itself zero. 

Thus X F (X) = aJo (Xa) Yi (Xa)—a Yq (Xa) Ji (Xa) = 

using a well known property of the functions. 

More generally, with an upper limit, b, for the integrals. 



2 
X 



XF(X) = ^^^h{Jo(Xa)Yi(Xh)--YQ(Xa)Ji(Xh)}. 

ISTow, if the first value ( — 2/X) of F(X) is substituted in the integral for %. 
this integral is still convergent. The reason for this is that the exponential 
factor secures convergence at the upper limit, however small it may be, 
provided that it is not actually zero. The denominator Yo^ + tt^Jo^ can never 
be zero, and the numerator never large, since the Bessel functions are 
oscillatory. Moreover, near the lower limit, on expanding the Bessel 
functions, the integrand behaves like 

_ loga-"logp 
X(logX)2 

and the integral of X~^(logX)~2 jg proportional to (logX)"^, which vanishes 
with X. Accordingly, the final integral is finite, and we are justified in 
removing the cylindrical boundary of radius h to infinity — this justification 
was not immediately obvious. 
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For the temperature outside the cylinder of radius a, maintained at v^ 
from ^ = onwards, we finally deduce the expression 

^^ d\ Jo (Xp) Yo (Xa)- Yo (Xp) Jo (Xa) ^_^,^^ 



V = '1^0 + 2 % 



e 



A. * Yo^(X6^) + 7r2Jo2(Xa) 

When i^ = 0, convergence is secured by the Bessel functions themselves at- 
all points except p — a, where the integral becomes zero through a dis- 
continuity. The generality of this mode of solution of problems of maintained 
temperature will be evident later. At the same time, the form of this 
solution is perhaps a sufEcient indication that it will not in general be 
possible to find an analytical theorem for the external space, of a similar 
character to that quoted in connection with the Green's function for the 

internal space. 

The Leakage of Heat from the Cylinder. 

Let c be the specific heat and D the density of the external medium. 
Then the quantity of heat leaking by conduction from a length, /, of the 
•cylinder in unit time is given by 

h =z --27racD [tt-j 

\dp/p=a 

We may find this differential coefficient from the previous expression for v 
if the result is a convergent integral. Conditions of continuity, which are 
necessary, are satisfied at all external points by the nature of the integral. 

Thus, 

(M _ _^ r dX { Ji (X^) Yq (\a)-'Yi (\a) Jq (Xa) } _^,^, 
\dplp ^a~ ^^']o Yo^ (Xa) + TT^ Jo^ (Xa) ^ ' 

or since Ji (Xa) Yq (Xa)— Yi (X<^) Jq (Xa) = — 2/Xa 

we find that the rate of loss of heat from length / is 

'^ dX g~A2/ci 

h = SirhcDvol 



X ' Yo^(Xa) + i7^Jo^(Xa)' 

When ^ = 0, this is instantaneously infinite, as we should expect, on 
physical grounds, for Yo^ + tt^Jo^ behaves near the upper limit like 27r/Xa — 
by the known asymptotic expansions of the functions concerned — but, for all 
•subsequent time, h is finite, tending, as it should, to zero after an infinite time. 

The total heat lost from a length, /, at a time, t, after the start is 

H = Chdt 

'"^dX 



SttcDvoI 



= SircDvola^ 



(l^,"AU.i)/{Yo^ (Xa)^iiW(^a)} 



A; 

l(l^er-^ft)/{Yo'(co) + 7rW(oy)} 



"^do) 



i(*y' 



where j3 ^ ktf 



a^. 
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In this form, the integral is a function only of /3, and can be tabulated 
by quadratures, and the use of the standard tables, now existing, of Jo (w),. 
Yo {(o). For practical purposes, it would be more convenient to possess an 
approximate formula for the heat lost between two epochs h, t2, not very close^ 
to the starting poinc. This quantity of heat is given by 



^"^d 



CO 



Jo « 

Now if t be not too small, the magnitudes 

(/3i, ^2) = Jc/a^ {h, t2) 

will ordinarily be large, so that the exponentials secure that the important 
parts of the integral shall come from the range near w = 0. We may then 
write 

Jo(a)) = 1, Yo(a>) == 2(logco/2 + 7) 

where 7 is Euler's constant. Thus approximately 

d(o , „. o^ X / r « . /, CO \^ 



H' = SircDvala^ 



7-3 {e--''^-^-''^)\ {7r2 + 4(log| + 7j 



which can be calculated rapidly by quadratures. We do not pursue this 
problem beyond the point of obtaining an exact solution. 

* 

Cylindrical Surface maintained at any arbitrary Law of Temperature. 

Conduction into the External Space. 

The mode of procedure towards a solution of this more general problem is 
now fairly clear. Suppose that an indefinitely long cylindrical surface is 
maintained from t = 0, — when everything was at zero temperature — at a 
temperature 'F(t). It is required to find the temperature at an external 
point. 

Let it be possible to find an integral expression of F (t) in the form — oc and 
/3 being constants — 

F(0= [Vm^"^"'' 

where k is the thermometric conductivity of the external medium. The 
majority of ordinary functions admit this possibility. Then the function 

is a solution of the equation of heat conduction, which takes the value F {t} 
when p = a. It will constantly preserve the appropriate arbitrary tempera- 
ture on the surface, but it presupposes an initial distribution of temperature 



W- = l>)sfxf-h 
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at all external points p^ a. This difficulty may be removed by the addition 
oi another solution of the equation of heat conduction, of the form 



■"OO 

% = 

Jo 



g (X) {Jo (Xjo) To (X«)-~" Yo (Xp) Jo {\a) ]e~^^^\ dX 



where g(X) is to be determined. This expression necessarily vanishes when 
p — a, and gQC) must be so chosen that at all other points, initially, the 
preceding distribution is cancelled. We thus choose g {z) to satisfy the 



equation 



Jo ip^) 



dzg (z) {Jo (zp) Yo (za) — Yo (zp) Jq (za) } = — f(x) / Y' { dx 

J a J (^^) 

for all values of p greater than a. 

But by Orr's formula, when p lies between a and infinity, 

'00 

rdr Jo (rx) \Jo (rz) Yo (az) — Yo (rz) Jo (ocz)} 



a 



ISTow, by a familiar procedure, we can prove directly from the differential 
equations for the functions that 

00 ' CI 

r Jo (^^') Jo (^^) cl'^^ — "J 2 {^ Ji (^^^) Jo (^^^)— ''^ Ji (^^) Jo (^^) }> 

a ^ -*-X 

rJo (xr) Yo (zr) dr = -^ ^ {^, Ji (oo?) Yo (az)—z Y-^ (az) Jo (ax) }, 

and accordingly, on reduction, 

rdr Jo (rx) {Jo (r^) Yo (<x^) -— Yo (rz) Jo ((Q^^) } 



OO 



az 



z^—x? 



- Jo (ax) { Yi (as;) Jo {az)—'J\ (az) Yo (a^) } 



__ 2 Jo (ax) 

which is a comparatively simple expression. Substituting this in the double 
integrals we find, when p >a, 

Jo(^p) _ of"" ^^'"^ J o (zp) Yq (m) — Yo (zp) Jo (^g) 
jQ(xa)'~' ]^ x^—z^ ' Yo^(za)-\~7T'^Jo^ (za) 

a very remarkable formula of a quite new type. The *' principal value " of 
the integral with regard to the point x = z m understood to be taken. 

It is fairly clear that more detailed analysis is not in fact necessary or 
suitable at this point, for it would encumber the main argument, and we are 
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only attempting to sketch the general method which is effective for such 
problems. We deduce at once that g{z) must be defined by 



dz g {z) {Jo {zp) Yo {za) — Yo {zp) Jo (za) } 

10 



whence we may select 



,a ^ Jo (^^^) 

"^ zdz{3o (zp) Yo {za)—Yo (zp) Jo (^<x) } C^f (x) dx 
Yo^(m)-j-7r^Jo2(m) 



Yo^ (^(^) 4- TT^ Jo^ (^<x) 



/yiiS ___ f^a 



and then 






r^ 



^/ (:^) dx 



a 



^2_^2 



'?^2 



""^ (X) rt:x {Jo CV) Yo (Xa) - Yo (V) Jo (Xa) } e-^'^'^ 





The whole solution of the problem of heat conduction may then be 
expressed in the following terms : — 

If the whole of space is at zero temperature, and a distribution of tem- 
perature vo = F (t) is established at ^ = suddenly, and afterwards main- 
tained, over a cylindrical surface p = a, then the temperature at all external 
points at time t is given by 



V 



>/wk{^'- 



K'^kt 



•CO 



+ 



2\dX {Jo C^p) Yq (X«)- Yq (Xp) Jo (Xtt) ^^,u(^f(x)dx 



Yo^ (Xa) -f TT^ Jo^ (Xa) 



}a X'-X' 



where / (x) and the limits a, /3 are defined by 



■zva 



a 



-or perhaps a group of integrals of this exponential type. 
As a single illustration, let 



F(t) = 



where c is constant. Then since 



t 



c^ + f' 



G^ + t^ 



00 

e~^* cos fjLG dfjL 



'oo 



2k \ xdx cos kcx^ ^-xH-t 





(fM = CX^\ 



we have in this case, 

a = 0, ^ = 00 , 



/ (,^) = 2^:;.:^ cos kcx^ 
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and the solution which maintains the temperature 

for all time over p == a, is 

v=2k r\d\ cos hc\^ i^M ^""'^''^' 
Jo Jo(A^) 

and these integrals can be much reduced. 

Further illustrations, and further reducbion of such a solution into other 
forms readily possible, do not seem necessary. Our object has been served by 
the indication of the general solution of problems involving a prescribed 
temperature variation over a cylinder. 

This general solution can be made to apply to the internal space by using 
Orr's theorem between the limits zero and a. Any initial distribution which 
is not zero may be treated for both spaces by superposition. 
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In Parts I, II and Y* of this series we have indicated the reasons which 
lead us to believe that during the catalytic hydrogenation of liquids the 
function of the metallic catalyst is to combine with both agents — the 
unsaturated organic compound and hydrogen— and produce an unstable 
intermediate complex. The experimental evidence has furthermore impressed 
upon us the conviction that the determining factor in hydrogenation is the 
degree of affinity displayed between nickel and the unsaturated compound ;. 
whilst we have had ample opportunity to observe the selective nature of the 
process as exemplified by the widely- varying rates of absorption of hydrogen 
characteristic of various definite types of organic compounds, we have not 

* Part I, 'Eoy. Soc. Proc.,' A, vol. 96, pp. 137-146 (1919) ; Part II, ibid., A, vol. 96,, 
pp. 322-329 (1919) ; Part V, ibid,, A, vol. 98, pp. 27-40 (1920). 



